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Waldmann’s result for heat transfer through a monatomic gas between parallel plates is the
starting point for the derivation of upper and lower bounds for the heat flux as a function of
Knudsen number. In order to obtain numerical results, one transport-relaxation eigenfunction
and its eigenvalue are determined approximately, and a simple model for the interfacial kernel
of the kinetic boundary condition for the distribution function is used.

For more than hundred years the particular be-
haviour of a rarefied gas near a solid is known: the
gas does not stick, it slips along the interface, the
temperature ‘“‘jumps’ across the boundary. Mechan-
ical slip, discovered in 1860 [1], reduces the friction
force on a particle [2] and increases the mass flow
through a pipe [3], [4]. Thermal slip is responsible
for thermal transpiration [3], [5] and for thermo-
phoresis [6] which, for not too low pressure, explains
the radiometer problem [7]. Temperature jump re-
duces heat transfer in a rarefied gas [8]. Finally,
diffusion slip shows up in a pressure difference in
a diffusing mixture in a capillary [9], and in a dif-
fusiophoretic force [10]; see e.g. Ref. [11] for more
recent work.

The basic ideas for an explanation of such slip
effects are due to Maxwell [3] who used gas kinetic
arguments to derive a boundary condition for the
flow velocity and to calculate the slip coefficients.
A lot of experimental work has been done since then
[12] and is still going on, and the theoretical bound-
ary value problem is of interest up to now [13].
Waldmann’s engagement into this topic began in
1960 with experiments on diffusiophoresis [10] and
on the Kramers-Kistemaker effect [14]; one of the
results was an empirical expression for the diffusion
slip constant. Following the ideas of Maxwell [3]
and of Grad [15], Waldmann [16] derived hydro-
dynamical boundary conditions from kinetic theory
by using a moments expansion of the velocity dis-
tribution function of the gas. A quite different ap-
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proach was introduced [17] with the non-equilib-
rium thermodynamics of boundary conditions, where
the interfacial entropy production plays a funda-
mental role. Starting from the ordinary hydro-
dynamical equations, the velocity slip and the tem-
perature jump condition were obtained, and inter-
facial fluxes were postulated [17]. Furthermore,
this method successfully was applied to the evapora-
tion problem [18]. Later on, boundary conditions
were derived for generalized hydrodynamics [19]
and for linear transport-relaxation equations with
arbitrarily many variables [20], [21]. This was the
adequate basis for the treatment of thermal tran-
spiration, thermal force and friction force [22], and
for heat transfer between parallel plates [23]; in
any case, the resulting formulae are valid over a
wide pressure range.

Non-equilibrium thermodynamics together with
singular interfacial densities was used by several
authors for the derivation of boundary conditions
for systems with surface tension [24], [25], [26] and
for electrodynamics [27].

The interest in the “strange” behaviour of rare-
fied polyatomic gases in magnetic fields was stim-
ulated by the discovery of Scott e.a. [28] of the
thermomagnetic torque. The Scott effect partly
could be explained by the Senftleben-Beenakker
effect [29] of the thermal stresses [30]. But apart
from these Burnett terms originating from the bulk
of the gas, there is also a surface contribution due
to the “thermomagnetic slip”, as Waldmann point-
ed out [31]. According to Waldmann [31], this
boundary layer effect should directly be measurable
via the transverse pressure gradient occuring in a
polyatomic gas in a rectangular box placed in a
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magnetic field. Indeed, with an ingeneous set up
Hulsman e.a. [32] were able to measure this thermo-
magnetic pressure difference. A detailed theory [33]
of this effect was obtained by the use of differential
equations and boundary conditions for the angular
momentum polarizations [34] present in a poly-
atomic gas in non-equilibrium, and again non-equi-
librium thermodynamics led the way to the bound-
ary conditions. In a further application Knudsen
corrections were calculated for the Senftleben-
Beenakker effect of viscosity [35] and for flow bire-
fringence [36], stimulated by experimental data of
Hulsman e.a. [37] and of Baas e.a. [38], respec-
tively.

Another interesting experiment has been done by
Eggermont e.a. [39] who measured, by application
of a magnetic field, the transverse heat flux in a
streaming polyatomic gas. The bulk contribution
to this viscomagnetic heat flux is a Burnett term
again and had been given already by Levi e.a. [30],
the surface contributions were calculated [40] with
the help of boundary conditions derived [34] accord-
ing to Waldmann’s thermodynamic method [17],
[20], [21].

Crucial for all these effects in rarefied polyatomic
gases is the boundary layer behaviour of polariza-
tions, visualized in [41]. There should also be a pos-
sibility of directly detecting these polarizations
through birefringence in the boundary layer of a
heat conducting polyatomic gas [42].

In [21] boundary conditions had been derived for
moments obeying transport-relaxation equations
which in turn had been obtained from the linearized
Boltzmann equation for the distribution function.
The time reversal invariance of the linear collision
operator of the kinetic equation led to Onsager sym-
metries in the boundary conditions by application
of the universal postulate of reciprocity [43], [44],
[45]. With all this in mind, Waldmann finally made
the next step and used non-equilibrium thermo-
dynamics to find boundary conditions for the lin-
earized Boltzmann equation [46]. The result was
a linear relation between a flux and a force which
consist of the difference and the sum of the dis-
tributions of gas atoms approaching and of those
leaving the interface, where the connecting inter-
facial kernel is symmetric and positive. This form
of the boundary condition is particularly well suited
for solving practical problems: for heat transfer be-
tween parallel plates [47], [48], [49], and for plane
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Couette flow [49] formal solutions were found which
are valid for all Knudsen numbers. The boundary
conditions for all the moments are contained in the
boundary condition for the distribution function,
and the phenomenological slip coefficients are ma-
trix elements of the interfacial kernel [50]. Also the
conventional form of the boundary condition [13],
[51], [62] as a relation between the distributions of
incoming and of outgoing atoms is easily obtained
from the new form [50]. Finally, the thermodynam-
ical method has been used to derive new boundary
conditions for the distribution operator of a diatomic
gas of rotating molecules [53].

Recently, some new aspects of polyatomic Knud-
sen gases have been studied with the boundary con-
dition in the conventional form, viz. heat transfer
in a magnetic field [54], wall induced polarizations
in plane Couette flow [55], and more general trans-
port phenomena [56].

In this paper, an addition to Waldmann’s solution
of heat transfer through a monatomic gas between
parallel plates [47], [48], [49] is made. Typical for
Waldmann’s approach are, firstly, the expansion of
the velocity distribution function in terms of special
solutions of the linearized Boltzmann equation, the
“transport-relaxation eigenfunctions’, and, second-
ly, the use of the new form of the boundary condi-
tion for the distribution function [46]. By applica-
tion of this boundary condition in its original and
in its inverse form [49], two different expressions for
the heat flux are obtained. This is the basis for
giving upper and lower bounds for the heat flux,
where the upper bound leads to the exact Knudsen
limit. Here, numerical results are stated with the
help of one transport-relaxation eigenfunction and
its eigenvalue, which are determined approximately.
The upper bound obtained in this way is identical
with the moment method solution [23] including two
“higher moments’. For a simple model for the inter-
facial kernel a detailed numerical study of the
bounds is performed. A survey of the literature and
a discussion of theoretical methods for solving the
heat transfer problem in monatomic gases is found
in Cercignani’s book [13].

1. Recollection of Waldmann’s Results

In this section, the most important results from
Waldmann’s recent papers [47], [48], [49] on heat
transfer are summarized.
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Ezxpansion

A monatomic gas (medium I) is confined between
two parallel plates made of the same material
(medium II). The plates are at rest at = 4 d/2 and
have the temperatures

Tu(+dj2) = To+ 3AT. (L.1)

For small values of |AT|/Ty< 1, the relative de-
viation @ (z, p) of the distribution function

f=fo(l + D)
of the gas from the Maxwellian
fo=mno(2amkpTo)-3/2
-exp(—p-p2mkpTo)

will be “small” and hence will obey the linearized
Boltzmann equation

cz0D/0x + 0 (D) =0. (1.2)

Here, p = m ¢ is the momentum of a gas atom with
mass m and velocity ¢, kg is Boltzmann’s constant,
and ng, Ty are the equilibrium values of density
and temperature, respectively ; the equilibrium pres-
sure will be denoted by Po=mnoksTo. The solution
of the kinetic equation (1.2) with the required sym-
metry [49] is written as

AT g¢* )
O =g Vi t+a(W—3)]
AT =2
ar T > [3(pi — yir) cosh ki (1.3)
0 <%
. f
— % (i + yir) sinh kw]w.

The first two terms represent the Chapman-Enskog
solution valid in the bulk of the gas; the function y2
which determines thermal conductivity,

A=3(Po[To) [ y2(x2)dy,
is a solution of the integral equation
o(z2) = cz)F(W2 —3).
The abbreviations
dy = (fo/no)d3p,
Co = (ch To/m)1/2
have been introduced above. In Eq. (1.3), the sum
extends over all transport-relaxation eigenfunctions

[48] i (p) with finite k; > 0; yir(p) = wi(— p). The
y; originate from particular solutions

Dy (x, p) = yi(p) exp {— kix}

(1.4)

W:p/VQMCo,
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of the linearized Boltzmann equation (1.2), i.e. they
obey the ‘‘eigenvalue equation”

—kiczyi+ w(yp) =0, (1.5)

with the “‘eigenvalues” k; which are inverse free
paths. Hence, these contributions to @ only play
a role close to the walls in a boundary layer with
a thickness of several mean free paths.

Here we are mainly interested in the heat flux

AT
gz = Poj'cz(WZ —)Pdy=—12

q*, (1.6)

i.e. in the constant ¢*. The coefficients ¢* and Cj
have to be determined from the boundary condition
for the Boltzmann equation.

Boundary Condition

In Waldmann’s formulation, the boundary con-
dition consists of a linear relation

F =F (1.7)
or
F=Q1yg (1.8)
between the ‘“flux”
1
F= W P (c) (P11 — PrurT) (1.9)
and the “force”
.?:ﬁ—vl(vl,.”}),
A 1
F = ﬁ P (c) (D111 + P1mrr) (1.10)
which are combinations of
Py — P
D= —P=90 — nP =3
0
Tu—T
—(w2=3 _*—‘HT ® — p-vn/ksTo
0

and of the motion-reversed distribution
D111 (w, p) = Prur(x, — p) -

Here, Ty and vy; =0 are the temperature and ve-
locity of the plates, and the ‘“‘pressure” Prr may
be determined by [50]

Piy—Py nip—ng Tu—To
s 1.11
Py o + To (1.11)
1 Tu—"To 1
=(¢’vl)+§———]‘—0—_‘—260n vII -
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As the Heaviside function
P { Ly
i) = 0 or ¢ <0

indicates, the force and flux are functions on the half
space with positive normal velocity

¢=c-n, n: outer unit normal of the gas.
In Egs. (1.10), (1.11) the function

v1 = P4(c)
occurs, and a half space scalar product has been
used:

(D,9) = [Pypdl", (v1,v1)=1,
al' = P.(c) —6°~dy, éo = cofy27.
0
Furthermore, the boundary conditions (1.7), (1.8)
have been written in a formal operator notation [50]
(F)(z,p)= [%(p,p)F (z,p)dl".

The operator & is symmetric and positive, but, due
to the impenetrability of the interface

(F,n)=0,
is not definite:
Qv; =0.
Therefore,  has an “inverse” -1 only on the sub-

space of all half space functions » which are ortho-
gonal to v,

(v,v1) =0.

Consequently, the operators € and -1 obey the
relation

QU1 =018 =C=U—wv171,

where U is the half space unity operator. Accord-
ingly, -1 also is a symmetric*, positive operator
with

Q-1 V1 = 0.
If Ppr is determined from Eq. (1.11), (F}, ) =0
applies and one has # = Z.

Formal Solution

For the evaluation of the boundary condition
Eq. (1.7) or Eq. (1.8), the flux and the force with

* In Ref. [49] this is not the case, however, the results
used here are still valid.
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Eqgs. (1.9), (1.10) and the ansatz (1.3) at x =d/2 are
rewritten as

1 AT
F =V2é To (1.12)
ﬂ.To = Ct
e d— gk 2 S U
{ *3p, T2 k;tanh(kid/.?)}’

1 4T

F = —-T/—z‘To{(l — ¢*) [v2 — v1(v1, v2)]

+'Zﬁ Cilvi — v1(v1, v,)]}. (1.13)

Here, instead of the transport-relaxation eigenfunc-
tions y;, the half space functions v;, v¢, orthogonaliz-
ed according to [49]

(vi, v") = &F (1.14)
have been used:
ve = P4 (c) (i + 1), (1.15)
vl = Po(c)éoki(yi — piT), 1=5,
and
v = P+(c) . vl = P+(c) 260});/]63 To,
_ Poéy
— P W2 —35), wv2=P,(c))6 .
=P (W=, =P85 1
Py .
v3 = P+(c) nco X4 3 = P+(C)2Copy/k3 To,

v = Py(c) 2é0p./ksTo;
(1.16)

Po(e) 2
vg = Py(c) . 25>

by 7 the shear viscosity is denoted, and x4, x5 are
the viscosity Chapman-Enskog functions [49].

From the positivity of the interfacial entropy
production

ds-1d Py | pe Py 1 [AT\?
0/ g = Toco(f» )—T02 TO
ATy 2 Oy
-{q*(l —q*)— — Zﬂ

dPy <y kitanh(kid/2)

one easily gets the inequality

*(1—g*)>0
or

0<g*<1, (1.17)

i.e. for any Knudsen number I/d, the heat flux g,
has the same sign as the hydrodynamic limit

gz = — AAT)d,



572

and its magnitude is smaller than that of ¢;*. Ac-
cording to Eq. (1.17), ¢* is written as

(1
q*-_—1/[1+zgg(—d—)], g>0,  (1.18)

with the mean free path / defined by thermal con-
ductivity via
15 Py

A:—‘l_?o—%l.

The quantity
go = g(l/d = 0)

is the temperature jump coefficient for heat transfer
through a gas between parallel plates. This becomes
clear from a discussion of the temperature profile in
the gas:

T(x)=To+ §To [ (W2 —})D(x, p)dy

AT 29 sinh bz 2

—_ ¥ S A —

=To+gq z—4 Tiz Cs sinh (k;d/2) 3
J W2 — 3 yidy.

=90
For small Knudsen numbers //d, the terms in the
sum only play a role at the plates x= 4-d/2 and in
a small boundary layer of thickness I. Several free
paths away from the walls, the temperature profile
is identical with the linear bulk profile

AT
d

Since g¢* is smaller than unity, the effective tem-
perature gradient ¢*A7'/d in the bulk of the gas is
smaller than the applied gradient 47'/d. Hence, the
value of the bulk temperature extrapolated up to
the wall is smaller than the wall temperature or, in
other words, the relative temperature jump

Tu(d2) — Tv(d2) i(l _
Tu(df2)— Tu(—df2) 2 !
l

g
=d1+20ag "

To(x) = To + ¢* .

is positive. In lowest order in l/d, the right hand
side of this relation can be replaced by (I/d)go, so
that go may be called the temperature jump coef-
ficient. Further discussions are found in Wald-
mann’s papers [48], [49].
From the boundary condition (1.7) linear equa-
tions
(vir f) = (’Ui, S.ﬂ-),

1=2, 1=5,
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for ¢* and C; are obtained which can easily be
solved [48] for ¢*, respectively ¢:

g=1[Loa— > > LoyMi'Lys] 1. (1.19)
i=5i'=5

Hence, the heat flux is determined by the matrix
elements

8 1
=15 )n (vi, Loir),
3, =2 and =5,

Ly

(1.20)
of the L-operator, and by the inverse (in the usual
sense) of the symmetric, positive definite matrix

15 k‘d -1
My = Lygr + Oai 5 ¢ kitanh ——|

2
ii'=5. (1.21)

From the positivity of M ;! and from the symmetry
Ly9 = Ly one easily gets an upper bound for ¢*:

R
g* =1 1+23T2; = Cmax-

Now, the boundary condition in the inverse form
(1.8) is transformed into another set of linear equa-
tions

(vi’ f) = (vi3 L j) s

(1.22)

=2, 126,

for g* and C; which yields an alternative expression
for g:

oo

g=Kss— > > KoiNi'Kis. (1.23)
i=5i'=5
Here, the matrix elements
15 .
Ku" = ? 271(?)1, Q-1qy ),
t,t'=2 and =5 (1.24)

of the operator -1, and the inverse of the sym-
metric, positive definite matrix

15 kid
Ny = Ko + iy *g co ki tanh pr—at’

1,1’ =5, (1.25)
occur. The positivity of N' and the symmetry
K9 = K- now lead to a lower bound for ¢*:

1

Py = .

(1.26)
14 2(l/d) K22

The lower bound 1/Ls; and the upper bound Ksp
for the temperature jump coefficient go have already
been given by Waldmann and Vestner [49].
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In the next section, more refined bounds for ¢*
will be derived.

2. Refined Upper and Lower Bounds for the Heat
Flux

The simple bounds (1.22) and (1.26) for ¢g* have
been obtained from Eq. (1.19), resp. Eq. (1.23), by
completely neglecting the infinite sum. Now, in a
better approximation we replace the sum by one
term, i.e. we take into account one of the transport-
relaxation eigenfunctions y;, + =5, with positive
eigenvalue k;; this one function is called ys5. The
inequality

oo oo

> > LogMj' Loy = Lis/Mss

i=51=5

(2.1)

is the basis for the following estimates. For a sym-
metric, positive definite n X » matrix My of finite
dimension n this relation derives from the fact that
the matrix

My = Mzt — 645, 0305, (1/ M,5,)

is symmetric and positive semi-definite (and has
rank n —1). We assume that Eq. (2.1) also applies
for matrices of infinite dimension.

From Egs. (1.19) and (2.1) we get a lower bound g1,

g = g1 = [Loz — L35/ Ms51" = 1/Lss  (2.2)

for the function g, i.e. an upper bound g¢f for the
heat flux, which is smaller than ¢, from Eq. (1.22):

*<Lgk=_ <o . .
Similarly, Eqgs. (1.23) and (2.1), via
9 < gx = Ka2 — K3;/Ns55 < K2, (2.4)
lead to a lower bound ¢f
1
e T TV

for ¢*, which is larger than ¢f;, from Eq. (1.26).
Consequently, the new bounds ¢f, ¢f for g* are
narrower than the simple bounds ¢, , ¢%..

By insertion of the expressions (1.21) for M55 and
(1.25) for N55 into Egs. (2.2) and (2.4), respectively,
explicit results are obtained for

1 Cs5+1/G5
0= e Oy C3%5/Ca2 + 1/Gs

(2.6)

o
=)
w

and for
D55 — D3%/Dss + G5
gr = Doz —— v

(2.7)

Instead of Ly, K;+ the dimensionless coefficients
Ciir, Dyi» have been introduced,

Cop = Laz, (5= 1/50() Lo ,

=T
5¢o
Cs5 = 8l Lss, (2.8)
Doz = Koz, Ds3s= ]/S—l Kss,
5¢o
81
D355 = 5—00* K55, (2.9)

the function G5 contains the dependence on the
Knudsen number //d of ¢1,, gx:

ksd
G5 = 3k5ltanh T . (210)

Since the quantities ks, 95, y2 depend on the mean
free path [ like [48]

ksxl’l, wsocll/z, X20Cl,

the coefficients Cy» and Dy are independent of [.
It should be noted that upper and lower bound
coincide,

JL =9K;

if the 2 X 2 matrices

(022 025) and (Dzz
Cas Css D35
are inverse to each other.

In the Knudsen limit I/d — oo, with

Gs 5 %kslksd (X:Cl/l—>0,

Dzs)
D55

the lower bounds g% and ¢¥;, tend towards

* d 2
Ik = 57 [D22 — D35/Ds55]71,
d 1

21 Das (2.11)

Iminco =

whereas the upper bounds ¢f and ¢f,, get identical,

- d

L oo = Gmaxoo = 57 C22 = ¢, (2.12)
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and lead to the correct limit [49]

AT 15
Gz0 = —Poco_fo——s—lzzz

(2.13)
of the heat flux.

In the hydrodynamic limit //d — 0, with a con-
stant value

Gs ~ 3ksl

for G5, the functions g1, and g become independent
of ! and give bounds for the temperature jump coef-
ficient gy,

1/C2 =< gr(l/d = 0) = g0

< gx(Yd = 0) < Des, (2.14)

which are narrower than those given earlier [49].

3. Approximate Determination of a Transport-
Relaxation Eigenfunction

The transport-relaxation eigenfunction ys, like
the distribution @, is rotationally symmetrical
about the Wj-axis [49], hence it has the form

s = PO (W2, W2) + Woyp) (W2, W2).
(3.1)

For any y; and its eigenvalue k; the “Boltzmann
equation”

—kiczyi + o(p) =0 (3.2)

and the ortho-normalization properties [49]
[wiczype dy = (1/ki) dur

have to be fulfilled.

In the following, a function ys of the type (3.1)
will be determined such that Eq. (3.3) applies for
i=45and 1 <|i'| =5, and that Eq. (3.2) is , ful-
filled on the average”. This will be done for Maxwell
molecules since the eigenfunctions @), and eigen-
values w;, of the linearized collls1on operator w

o (D)) = o D), (34)

(3.3)

<M

are known in this case: the eigenfunctions are the
product of a Sonine-polynomial and a symmetric
traceless tensor of rank ! [57], [58]
rl204 1)1 Vn

e z'm+r+ )

[ ——
SR (WYW,, ...

W,

(r)
Diil...

(3.5)
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Hence, the Chapman-Enskog function y5 is propor-
tional to @ and is given by

ye =13 Wy (W2 —3).

The transport constants 7, 4 are expressed by the
relaxation coefficients wsg, w11,
P 0 5 P 0 002

N=——,
w20

) To w11’

and, due to
w11 = § w20,

! is identical with the viscosity free path
l = co/wao -

First, it is noted that the orthogonality (3.3) for
=45 and 1 <|4'| =4 is fulfilled if the relations

[@pezysdy =0

apply for
@ =DO, OV, DO o 54, 75.

With Eq. (3.1) this leads to the conditions

fgzsg) Wyyp®dy =0, r,s=0,1. (3.6)
For i =i = + 5, Eq. (3.3) yields
f Wz yp© Wyl dy =1/2 V? coks. (3.7)

If we assume that y(© and @ only depend on W2,
and if we then choose
Wyp® = Z a® P,

r=2

§=0,1, (3.8)
as trial functions, Egs. (3.6) are trivially fulfilled
due to the orthogonality of the eigenfunctions @{.
From Eq. (3.7) and the ortho-normalization of the
@ the relation
z a®alt) = 1/2)/2co ks
r=2
is obtained. According to Eqgs. (3.1) and (3.8) the
transport-relaxation eigenfunction s is written as

8 _(5
Y5 = Eazz—

+ 2> [ar 9D + oV O],

r=2

(3.9)

(3.10)

where the coefficients a{”) and a, are simply inter-
related, e.g.

7 3 4
agzo) 21/6 az —as, 0.530) = l/‘2- as —]/'3— ag.

(3.11)
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Next, the left hand side of Eq. (3.2) is evaluated
for i=5. For the “streaming term” the relations
(3.1) and (3.8) are used, and for the collision term
the ansatz (3.10) is inserted. With the choice

ksCo
ot = V—-— a®, r=2,
w1r

(3.12)
still two non-compensating functions of momentum
remain in the sum,

—ksczys + o (ys) (3.13)

= z [ar wor P — a(,l) ks co VQ W, @;r)] s

r=2

As can be easily seen, the right hand side of
Eq. (3.13) is orthogonal to @ and &) ; we now
require that this is true also for the higher order
scalar functions @@, @B) . ..

_fdy D) Z [ar wor D — aP ks co)/2 W, PP = 0
r=2

§=0. (3.14)

With the ansatz (3.10) for g5, Eq. (3.2) cannot be
fulfilled exactly, we instead postulate the validity
of the integral conditions (3.14), so that the “Boltz-
mann equation” is fulfilled on the average:

[dy @O [—ksczyps + w(ys)] =0, s=0.

From Egs. (3.14) another set of relations between
the coefficients a, and a{! is obtained,

k5 Co V§

ar= —> o) [dy dP W, D™, r=2; (3.15)
Wor s=2
in particular for r =2 one gets
7 ksc
azzl 370 . (3.16)
o2

Now, with the help of Eq. (3.12), the coefficient a{"
in Eq. (3.15) is replaced by a{?, and by relations of
the type (3.11), a{® is expressed by a linear com-
bination of a,. As a result one gets eigenvalue equa-
tions for the a, with eigenvalue 1/k52.

Here, we make the most simple approximation
by taking into account only one scalar and one
vector in the sum of Eq. (3.10), viz. ®®@ and ®P.
From Egs. (3.11), (3.12) one gets

7 ksco
) _ W _1/"
a a a. a
l/ 2 T2 V3 oz

and from Eq. (3.16),

7 (ksco)?
agz = — az
3 woz2 w1z
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the eigenvalue ks is obtained as

1./3 2
k5 :z(;‘l/?wozwlz:l/ﬁ—/l,

the relations

(3.17)

wo2 = w12 = $ w2

for Maxwell molecules have been used. With all
these results, Eq. (3.9) finally leads to an expression
for as:

az = l/3/4 w20 -

According to Eq. (3.10), the approximate transport-
relaxation eigenfunction ys is given by

1
Y2 = V10 wso

(we—we s+ ) (147/5 ).

and from Egs. (1.15) the following expressions for
the half space functions vs and v® are derived:

vs = Pi(c) l/

4
v5 = Py (c) — ]/f(’f"

The coefficients C; and Dy can now be calculated
from Egs. (1.16), (1.20), (2.8), (3.19) and (1.24),
(2.9), (3.20) as matrix elements of the operators
and -1, respectively. Then, the upper bound g¢¥
for the heat flux, as obtained from Egs. (2.3) and
(2.6), is identical with the higher moments solution
derived earlier [23], where the coefficients Cyq, Cya,
Caa are equal to the present Caz, Cas, Cs5 [50]. In
contradistinction to the moment method approach
[23] which gives one approximate expression for the
heat flux ¢*, the kinetic treatment of the heat
transfer problem leads to two approximate expres-
sions ¢f, ¢& which are upper (¢f) and lower bounds
(g%, see Eqs. (2.5), (2.7)) for the exact g*.

(3.18)

<W4 —TW2 + 5), (3.19)

35
WZ(W‘* —TW2 + )
(3.20)

4. Numerical Results

Numerical results are presented for the special
model for the interfacial kernel

o
9,22

—

Xodd
o4+ @y, (4.1
PO+ 5 - P (4.1)
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2—a

Q-1 = -

2 — %odd

g,

‘B(l) -+

o %odd

4.2)

containing two accommodation coefficients o and
ooad [50]. The projection operators

PO (p, p') = P+(c) P+(c) (4.3)
1 , g .. Cod3p’ "
'{E[a(P’P)+6(P:_P+ nn'p )] cldyl - s
P (p, p') = Pi(c) P1(c) (4.4)

A d3 ’
‘3[0(p,p')—d(p,—p' +2nn-p')] C:fd;;

have the properties
P POm') = Gy B | mm’ = L1, (4.5)
PO 4 PED =C = U — vy 0;. (4.6)

Since the functions vg, v5, v2, v3 are even in the
tangential velocity, only the operator (1) plays a
role in the matrix elements Cj;- and Dy;-. With

3 2

PDve =ve +v1, PDvs=wv5—

———
4 5wz
SB(l) vz — ’2)2 3 ‘.E(l) 1)5 — 1)5

one easily finds the following results:

8 . /2 « 4_ /2 «
Ce=T5Va2—a =Bl
14_./2 «
Css5 = EW Yo (4.7)
39./22—a 69 /2 2—a
_ S8 a—a _%94/2
Daa= 10Va o« ° Das V= o °
1299 22—a 48
BT 490 Y o« (48)

According to Eq. (2.11), the Knudsen limit for the
lower bound ¢f is still about 179/¢ smaller than the
exact value,

257 5629

104 5100

%

T = g% —=0.8344% . (4.9)

but is closer to ¢¥ than the limit of the simple
bound
25m

104

* -
Iminco =

g%, =0.755¢%,. (4.10)
After insertion of the values (4.7), (4.8) for Cy+, Dy

into the expressions (2.6), (2.7) for g1, and gk, re-
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spectively, it can easily be proven that the ratio

ksd
el b gLlgx

is a monotonously increasing function of the inverse
Knudsen number ks5d/2 and of the accommodation

0.54

0

-1

102 10 100 10!

2L/d

Fig. 1. Reduced heat flux ¢*, see Eq. (1.6), for complete
accommodation (x = 1.0) as a function of (k5d/2)~1 = 2L/d.
The curves represent, from below, the successive approxi-
mations

Ioin < 0k < I8 < Qs

for ¢*, cf. Eqgs. (1.26), (2.5), (2.3), (1.22) together with
Egs. (2.6), (2.7) and (4.7), (4.8).

102

05

10" 100 101

2L/d
Fig. 2. Heat flux scaled with the Knudsen limit g from
Eq. (2.12) for complete accommodation (x = 1.0) as a
function of 2L/d. The curves are in the same order as in
Figure 1. The arrows on the right indicate the Knudsen
limits gmin co/gme = 0.755 and g /g0 = 0.834, respectively.
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coefficient « (0 <« <1). Thus, r lies between rather
narrow bounds:

ksd
0834 =r(0,) 7|~ a

<r(co,a) <r(co,1)=0865. (4.11)

The value for the temperature jump coefficient g
can now be estimated with Eq. (2.14); for « = 1.0
and « = 0.85 inequalities are noted, including num-
bers for 1/C22, gr(l/d = 0), g (I/d = 0) and Dss:

2.350 << 2.548 << g9 << 2.945 << 3.111 for « = 1.0,

and
3.179 < 3.408 << g9 << 3.956 << 4.210 for o = 0.85.

For « =1.0, the reduced heat flux ¢* (i.e. the heat
flux scaled with the hydrodynamic limit) is plotted
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